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Interval temporal logics (ITLs) are logics for reasoning about temporal statements expressed over in- 
tervals, i.e., periods of time. The most famous ITL studied so far is Halpern and Shoham's HS, which 
is the logic of the thirteen Allen's interval relations. Unfortunately, HS and most of its fragments have 
an undecidable satisfiability problem. This discouraged the research in this area until recently, when 
a number non-trivial decidable ITLs have been discovered. This paper is a contribution towards the 
complete classification of all different fragments of HS. We consider different combinations of the 
interval relations begins (B), after (A), later (L) and their inverses A, B and L. We know from pre- 
vious works that the combination ABBA is decidable only when finite domains are considered (and 
undecidable elsewhere), and that ABB is decidable over the natural numbers. We extend these results 
by showing that decidability of ABB can be further extended to capture the language ABBL, which 
lies in between ABB and ABBA, and that turns out to be maximal w.r.t decidability over strongly 
discrete linear orders (e.g. finite orders, the naturals, the integers). We also prove that the proposed 
decision procedure is optimal with respect to the EXPSPACE complexity class. 

1 Introduction 

Interval temporal logics (ITLs) are logics for reasoning about temporal statements expressed over inter- 
vals instead of points. The most famous ITL studied so far is probably Halpern and Shoham's HS |6l, 
which is the logic of (the thirteen) Allen's interval relations between intervals 11]. It features a modal 
operator for each relation, that is after ((A)) (also called meets), begins ((B)), ends ((E)), overlaps 
((O)), during ((D)), later ((L)), and their inverses (denoted by (X), where (X) is a modal operator), 
although some of them are definable in terms of others. Since HS is undecidable when interpreted over 
almost all interesting classes of linearly ordered sets, it is natural to ask whether there exist decidable 
fragments of it, and how the properties of the underlying linearly ordered domain can influence its decid- 
able/undecidable status. In the literature, the classes of linear orderings that have received more attention 
are i) the class of all linearly ordered sets, ii) the set of all discrete linearly ordered sets, iii) the class of 
all dense linearly ordered sets. In the second case one can also distinguish among strong discreteness 
(i.e., N,Z-like), and weak discreteness (which allows non-standard models such as N + Z). In recent 
years, a number of papers have been published in which new, sometimes unexpected, decidable and un- 
decidable fragments are presented. Among them, we mention the fragment AA, also known as PNL, 
presented in [4], and studied also in [3], which is decidable over all interesting classes of models; and the 
fragment ABB (and, by symmetry, AEE) which is decidable when interpreted over natural numbers 
Interestingly enough, the extension ABBA (and AEEA) turns out to be decidable only when finite mod- 
els are considered, and undecidable as soon as an infinite ascending (resp., descending) chain is admitted 
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in the model iTl. Other mteresting fragments are BB and EE, that are decidable in most cases lU, while 
any other combination of the four operators B, B, E, and E immediately leads to undecidability Other 
combinations such as ABB, and the simpler AB, though, remain still uncovered. 

In this paper, we present another piece of this complicated puzzle by considering also the Allen's 
relation later, that captures any interval starting at some point after the ending point of the cunent inter- 
val, and it can be defined as (A) (A), and the inverse relation before. We will show that the logic ABBL 
(and the symmetric logic AEEL) is decidable and EXPSPACE-complete when interpreted over strongly 
discrete linear orders. It is worth emphasizing that adding any other non-definable Allen's relation to 
ABBL and to AEEL leads to undecidability over all considered structures, with the exception of A and 
A, respectively, which keep decidability only when finite models are considered (and cause undecidabil- 
ity over infinite models). Hence, our results shows also that ABBL and AEEL are maximal fragments of 
HS with respect to decidability in the class of all strongly discrete linear orders. 

The structure of this paper is as follows. In Section|2]we introduce syntax and semantics of our logic. 
In Section [3l we deal with the decidability of the satisfiability problem over finite and infinite structures, 
while in Section|4]we discuss its complexity. Finally, in Section|5]we draw some conclusions and outline 
future research directions. 

2 The interval temporal logic ABBL 

In this section, we briefly introduce syntax and semantics of the logic ABBL, along with the basic notions 
of atom, type, and dependency. We conclude the section by providing an alternative interpretation of 
ABBL over labeled grid-like structures. 

2.1 Syntax and semantics 

The logic ABBL features four modal operators (A), (B), (B) and (L), and it is interpreted in inter- 
val temporal structures over a strongly discrete linear order endowed with the four Allen's relations A 
("meets"), B ("begins"), B ("begun by") and L ("before"). We recall that a hnear order O = (0,<) is 
strongly discrete if and only if there are only finitely many points between any pair of points x < y G O. 
Example of strongly discrete linear orders are all finite linear orders, and the sets N and Z. 

Given a set "Prop of propositional variables, formulas of ABBL are built up from "Prop using the 
boolean connectives and V and the unary modal operators (A), (B), (B), (L). As usual, we shall 
take advantage of shorthands like (pi A (p2 = ~'(~'(pi V ~'(p2), [A](p = -'(A)-'(p, [B](p = -'(B)-'(p, 
etc. Hereafter, we denote by |(p| the size of cp. Given any strongly discrete linear order O = (0,<) 
we define I© as the set of all closed intervals [x,y], with x,t) G O and x <y. For any pair of intervals 
[x,y], [x',y '] € Iq, the Allen's relations "meets" A, "begins" B, "begun by" B, and "before" L are defined 
as follows: 

• "meets" relation: [x,y] A [x',y'] iffy =x'; 

• "begins" relation: [x,y] B [x',y '] iff x = x' and y ' < y; 

• "begun by" relation: [x,y] B [x',y '] iff x = x' and y < y'; 

• "before" relation: [x,y] L [x',y '] iff y ' < x. 

Given an interval structure S = (I©, A, B,B,L, a), where a : % — )• ^[Prop] is a labeling function that 
maps intervals in lo to sets of propositional variables, and an initial interval I = [x,y], we define the 
semantics of an ABBL formula as follows: 
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• S, I N a iff a G a(I), for any a G "Prop; 

• S,II=-(p iff SJf^'cp; 

• §, 1 1= (pi V (p2 iff S, I N (pi or §, 1 1= (p2; 

• for every relation R G {A, B,B,L}, S, I N (R)(p iff there is an interval J G Iq such that I R J and 

Given an interval structure S and a formula (p, we say that S satisfies cp (and hence (p is satisfiable) if 
there is an interval I in § such that §, I N cp. Accordingly, we define the satisfiability problem for ABBL 
as the problem of establishing whether a given ABBL-formula cp is satisfiable. 

As we have recalled in the Introduction, we have that S, 1 1= (L)(p iff S, I N (A)(A)(p, and thus that 
(L) is definable in the language of ABBA. As a direct consequence of the decidability and complexity 
results proved in this paper, we have that the converse it is not true. Moreover, it is easy to see that the 
operator (L) cannot be defined in the language of ABB: the modal operators (A), (B) and (B) allow the 
language to see only intervals whose endpoints are greater or equals to the endpoints of the interval were 
a formula is interpreted. Hence, the logic ABBL is strictly more expressive than ABB and strictly less 
expressive than ABBA. 

2.2 Atoms, types, and dependencies 

Let § = (lo, A, B,B,L., a) be an interval structure that satisfies the ABBL-formula cp. In the sequel, we 
relate intervals in S with respect to the set of sub-formulas of cp they satisfy. To do that, we introduce the 
key notions of (p-atom and (p-type. 

First of all, we define the closure S/(cp) of (p as the set of all sub-formulas of cp and of their nega- 
tions (we identify -■-■a with a, -■(A) a with [A]-'a, etc.). For technical reasons, we also introduce the 
extended closure C/^((p), which is defined as the set of all formulas in C/((p] plus all formulas of the 
forms (R) a and (R) a, with R G {A, B, B, L} and a G C/( cp ) . A (p-atom is any non-empty set F C Ql^ [ cp ) 
such that (i) for every a G 6/+ (cp), we have a G F iff ^ F and (ii) for every 7 = a V |3 G 6/"*" (cp), 
we have y G F iff a G F or (3 G F (intuitively, a (p-atom is a maximal locally consistent set of formulas 
chosen from C/+ (cp)). Note that the cardinalities of both sets C/((p] and Cl^[(p) are linear in the number 
|(p| of sub-formulas of cp, while the number of cp-atoms is at most exponential in \(p\ (precisely, we have 
\ei{(p)\ =2|(p|, |e/+((p)i = 18|(p|, and there are at most 2^1 'P I distinct atoms). We define yiq, as the set of 
all possible atoms that can be built over C/+ (cp). 

We associate with each interval I G S the set of all formulas cx G (cp) such that S, 1 1= a. Such a 
set is called (p-type of I and it is denoted by Type§ (I). We have that every (p-type is a (p-atom, but not 
vice versa. Hereafter, we shall omit the argument (p, thus calling a (p-atom (resp., a (p-type) simply an 
atom (resp., a type). Given an atom F, we denote by (Dbs{?) the set of all observable of F, namely, the 
formulas a G C/((p) such that a G F. Similarly, given an atom F and a relation R G {A, B, B, L}, we denote 
by Jleq^iif) the set of all ^-requests of F, namely, the formulas cx G S/((p] such that (R)cx G F. Taking 
advantage of the above sets, we can define the following three relations between two atoms F and G: 

3Je^^(F] = Obs[G)\JHeq^[G)U'Jleq^[G) 

{ Obs[^) VJ-Req^iY] C "Req^iG] C Obs[Y] U3ie^g(F) yj^eq^i^] 

< Ofo(G) U 3?e^B(G) C 3le^B(F) C Obs[G) 'Req^[G] \J 'Req^[G] 

■Jleqi^[Y] = 'Req^[G]. 

Obs[G]U'Jleqi_[G) C "Jleqi^iY) 



F^G iff 
F-§^.G iff 
F^G iff 
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Figure 1 : Correspondence between intervals and the points of a grid. 



Note that the relations -§-)• and -M- are transitive, while is not. Moreover, all , - 
satisfy a view-to-type dependency, namely, for every pair of intervals I, J in S, we have that 
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2.3 Compass structures 

The logic ABBL can be equivalently interpreted over grid-like structures (hereafter called compass struc- 
tures) by exploiting the existence of a natural bijection between the intervals I = [x,y] and the points 
p = (x,y) of an O X O grid such that x < y. As an example, in Fig. [Dare shown five intervals Io,...,l4, 
such that lo B II, lo B I2, Iq A I3, and Iq L I4, together with the corresponding points po, ...,p4 of a grid 
(note that the four Allen's relations A, B,B,L between intervals are mapped to the corresponding spatial 
relations between points; for the sake of readability, we name the latter ones as the former ones). 

Definition 1. Given an ABBL formula cp, a (consistent and fulfilling) compass (cp-j structure is a pair 
S = (Po.'C), where P© is the set of points of the form p = (x,ij), with x,t) € O and x < y, and L is 
function that maps anypointTp G Po to a ((p-)atom £(p) in such a way that: 

• for every pair of points p, q G Pq and every relation R G {A, B,L}, ifp R q holds, then £(p) -5->£(q) 
follows (consistency ); 

• for every point p G Po, every relation R G {A, B, B, L}, and every formula a G Oleq^ (£ (p)) , there 
is a point q G Po such thatp R q and a G Obs[L[q)) (fulfillment^. 



We say that a compass ((p-)structure 9 = (Po, ^ ) features a formula a if there is a point p G Po such that 
a G £(p). The following proposition implies that the satisfiability problem for ABBL is reducible to the 
problem of deciding, for any given formula cp, whether there exists a cp-compass structure featuring cp. 

Proposition 2. An ABBL-formula cp is satisfied by some interval structure if and only if it is featured 
by some ((p-)compass structure. 
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3 Deciding the satisfiability problem for ABBL 

In this section, we prove that the satisfiability problem for ABBL is decidable by providing a "small- 
model theorem" for the satisfiable formulas of the logic. For the sake of simplicity, we first show that 
the satisfiabiUty problem for ABBL interpreted over finite interval structures is decidable and then we 
generalize such a result to all (finite or infinite) interval structures based on strong discrete linear orders. 

As a preliminary step, we introduce the key notions of shading, of witness set, and of compatibility 
between rows of a compass structure. Let S = {'^o, ) be a compass structure and let y G O. The shading 
of the row y o/S is the set Shading ^ {y) = {L[x,y) : x < y }, namely, the set of the atoms of all points in 
Po whose vertical coordinate has value y (basically, we interpret different atoms as different colors). A 
witness set for y is my minimal set Wit [y) ^{[x-i\,,y-i\>] :x^j, <y^Ay^j, > y} that respects the following 
property: 

(WIT) for every i|) G C/((p) that appears in the labeling of some point (x',y ') with y ' > y, there exists 
a witness (x^p,y^p) G Wit[y) such that 

1. i]; G /:(x^,y^) , and 

2. y^^ is minimal, that is, for all (x',y ') with y < y' < y^, -'\[) G £(x',y ')■ 

Since W/?(y) is minimal we have that there is at most one distinct point for every \|; G Ql{(p] and thus 
|W/f(y )| < |CZ((p)| = 2 • |(p|. Intuitively, a witness set for a row y is a set that contains, for every formula 
i|; that occurs in some point above the row y, a witness (x^|,,y) for it, that is, a point that satisfies \p at 
the minimum possible distance from the row y. The notion of shading and of witness set allow us to 
determine whether two rows are compatible or not. 

Let P C Po a set of points and y be a coordinate we define Ttg (P) = {x : (x, y ) G P Ax < y )}, the set 
of all x-coordinate belonging to points in P which are smaller than y. 

Definition 3. Given a compass structure S and two rows yo < yi, we say (hatyo andyi are compat- 
ible if and only if the following properties holds: 

1 . Shading g (y o ) = Shading g (y i ) ; 

2. £(yo-l,yo) =£(yi -l,yi); 

3. there exists a witness set W/f(yi) for yi and an injective mapping function w : Ttyj (W//(yi)) i-> 
{x : X < yo} s.t. L[x,yi) = L[w{x),yo) for every x G ny^[Wit{yl)), that assigns a distinct x- 
coordinate on (he row yo for every witness (x^|,,y^|,) in Wit{yi) withx^ ^ yi- 

In the following, we will show how the properties of compatible rows can be used to contract compass 
structures to smaller ones, first for finite models and then for infinite ones. 

3.1 A small-model theorem for finite structures 

Let (p be an ABBL formula. It is easy to see that cp is satisfiable over a finite model if and only if the 
formula <p V (B)(p V (A)(p V (A)(A)(p is featured by the initial point (0, 1) a finite compass structure 
S = (Po, ) . We prove that we can restrict our attention to compass structures S = (Po, ) with a number 
of points in O bounded by a double exponential in |(p|. We start with the following lemma that proves 
two simple, but crucial, properties of the relations , , and . 

Lemma 4. Let F, G, H be some atoms: 

1. if F ^ H and G ^ H hold, thenY^G holds as well; 

2. if F G and G ^ H hold, thenY^H holds as well. 
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Proof. The proof for property 1 can be found in fSl. As for property 2, we have that, by the definition 
of -^,ifV-^GthenO{eq^i¥)=Jieq^{G]. This impUes that OZ75(H) U J^e^^C^) '^^eq^i'^) and thus 
F H holds as well. □ 

The next lemma shows that, under suitable conditions, a given compass structure 9 may be reduced 
in length, preserving the existence of atoms featuring cp. 

Lemma 5. Let ^ be a finite compass structure of size N featuring cp on ttie initial point (0, 1). If 
there exist two compatible rows < yo < U i < M in S, then there exists a compass structure S' of size 
N' = N— iji+yo that features cp. 



Proof. Suppose that < yo < yi < 1^ are two compatible rows of S- By definition, we have that 
Shading Q^yo) = Shading g[yi), L[yo — l,yo] = •^[yi — Lyi), and there exists a witness set Wit[yi) 
for yi and an injective mapping function w : Tty, (W/f(yi)) i-> {x : x < yo} that assigns a distinct x- 
coordinate on the row yo for every witness (Xx|,,yxp) in W/f(yi) with Xij, ^ yi- Then, we can define a 
function f : {0, ...,yo — 1} i-^ {0, ...,y i — 1} such that, for every ^ x < yo, £(x,yo) = £(f (x),y i ) and for 
every (x^,yx|,) G W/f(yi) if x^p <yi then f(w(x-^)) =x^|,. 

Let k = yi — yo, N' = N — k(< N), O' = ({0,. . . ,N' — 1}, <), and Po' be the correspondent portion 
of the grid. We extend f to a function that maps points in Pq' to points in P© as follows: 

• if p = (x,y), with ^ x < y < yo, then we simply let f(p) =p; 

• if p = (x,y), with ^ x < yo ^ y, then we let f (p) = (f (x),y + k); 

• if p = (x,y), with yo ^ x < y, then we let f (p) = (x + k,y + k). 

We denote by L' the labeling of ¥qi such that, for every point p G Pqs L'[p) = £(f (p)) and we denote 
by S' the resulting structure (see Figure O. We have to prove that S' is a consistent and 

fulfilling compass structure that features cp. First, we show that 9' satisfies the consistency conditions 
for the relations B, A, and L; then we show that 9' satisfies the fulfillment conditions for the B-, B-, A, 
and L-requests; finally, we show that 9' features (p. 

Consistency with relation B. Consider two points p = (x,y) and p' = (x',y') in 9' such that 
p B p', i.e., 0^x = x'<y'<y<N'. We prove that £'(p) -§-^£'(p') by distinguishing among the 
following three cases (note that exactly one of such cases holds): 

1. y <yo andy' <yo, 

2. y ^yo andy' ^yo, 

3. y ^yo andy' <yo. 

If y < yo and y' < yo, then, by construction, we have f(p) = p and f(p') = p'. Since 9 is a 
(consistent) compass structure, we immediately obtain L'[p] = £(p) -§->£(p') = £'(p'). 

If y ^ yo and y ^ yo, then, by construction, we have either f(p) = (f(x),y +k) or f(p) = (x + 
k,y + k), depending on whether x < yo or x ^ yo. Similarly, we have either f(p') = (f(x'),y' + k) = 
(f(x),y' + k) or f(p') = (x' + k,y' + k) = (x + k,y' + k). This implies f(p] B f(p') and thus, since 9 
is a (consistent) compass structure, we have £'(p) = £(f (p)) £(f (p')) = £'(p'). 

If y ^ yo and y' < yo, then, since x < y' < yo, we have by construction f(p) = (f(x),y + k) and 
f(p') = p'. Moreover, if we consider the point p" = (x,yo) in 9', we easily see that (i) f(p") = 
(f(x),yi), (ii) f(p) B f(p") (whence £(f(p)) ^£(f(p"))), (iii) £(f(p")) = £(p"), and (iv) p" Bp' 
(whence £(p")^£(p')). It thus follows that £'(p) = £(f(p)) ^£(f(p")) = £(p") ^ £(p') = 
-^(f (p')) ='^'(p')- Finally, by exploiting the transitivity of the relation we obtain £'(p) -2-^£'(p'). 
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Figure 2: Contraction S' of a compass structure S- 

Consistency with relation A. Consider two points p = [x,y) andp' = (x',y'] such thatp Ap', 
i.e., 0^x<y=x'<y'<N'. We define p" = (y,y + 1) in such a way that p Ap" and p' B p" and 
we distinguish between the following two cases: 

1- y >Vo, 
2. y< yo. 

If y ^ yo, then, by construction, we have f(p] A f(p")- Since S is a (consistent) compass structure, 
it follows that £'(p) =£(f(p)) ^ £(f(p")] = £'(p")- 

If y < yo, then, by construction, we have £(p") = £(f(p"))- Again, since S is a (consistent) 
compass structure, it follows that £'(p) = £(f(p)) = £(p] ^ L{-p") = L[f[-p")) = L' [-p"). 

In both cases we have £'(p) ^-^£'(p"). Now, we recall that p' Bp" and that, by previous ar- 
guments, S' is consistent with the relation B. We thus have £'(p') -§->£'(p"). Finally, by applying 
LemmalU we obtain £'(p] -^L' [p'). 

Consistency with relation L. Consider two points p = (x,y) and p' = (x',y') in 9' such that 
p L p', i.e., 0^x'<y'<x<y<N'. We prove that £'(p) ^-)-£'(p') by distinguishing among the 
following three cases (note that exactly one of such cases holds): 

1. y <yo andy' <yo, 

2. y ^ yo and y ' ^ yo, 

3. y ^yo andy' <yo. 

If y < yo and y' < yo, then, by construction, we have f(p) = p and f(p') = p'. Since S is a 
(consistent) compass structure, we immediately obtain £'(p] = £(p) ^->£(p') = £'(p'). 

If y ^ yo andy' ^ yo, then, by construction, we have either f(p') = (f(x'),y ' + k) or f(p') = (x' + 
k,y ' + k), depending on whether x' < yo or x' ^ yo. Since yo ^ y ' < x, we have f (p) = (x + k,y + k). 
This implies f (p) L f (p') and thus, since S is a (consistent) compass structure, we have £'(p) = £(f (p)) 
^£(f(p'))=£'(p'). 

If y ^ yo and y ' < yo, then, we have by construction that f (p') = p' and either f (p) = (x + k,y +k) 
or f(p) = (f(x),y +k). In the former case we have that f(p) L f(p') and thus, since S is a consistent 
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compass structure, £'(p) = £(f (p)) ^-i.£(f(p')) = £'(p'). In the latter case it is not necessarily true 
that y' < f(x). Consider the points p" = (f(x),yi) and p'" = (x,yo): by the definition of f, £(p") = 
£(p'")- Moreover, we have that f (p)Bp" and p'"Lf (p') =p'. Since 9 is a consistent compass structure, 
this implies that £'(p) = £(f (p)) ^£(p") = £(p'") ^£(f (p')) = £'(p'). Finally, by applying 
LemmaHl we obtain /C'(p) -^L'[^'). 

Fulfillment of B -requests. Consider apoint p = [x,y] in S' and some B-request aeOleq^ (£'(p)) 
associated with it. Since, by construction, <x € Oleq^ (£(f(p)]) and S is a (fulfilling) compass structure, 
we know that S contains a point q ' = (x',y ') such that f (p) B q' and a G Obs(^L{q')). We prove that S' 
contains a point p' such that p B p' and a G Obs^L' [^']) by distinguishing among the following three 
cases (note that exactly one of such cases holds): 

1- y<Vo 

2. y' ^yu 

3. y^yo andy' <yi. 

If y < yo. then, by construction, we have p = f(p) and q' = f(q')- Therefore, we simply define 
p' = q' in such a way thatp = f(p] B q' =p' and a € (Dbs{L'[-p')) (= Ofo(£(f(p'))) = Ofo(£(q')))- 

If y' ^ yi, then, by construction, we have either f(p) = (f(x),y + k) or f(p) = (x + k,y +k), de- 
pending on whether x < yo or x ^ yo. We define p' = (x,y ' — k) in such away thatp Bp'. Moreover, we 
observe that either f (p') = (f (x),y ') or f (p') = (x + k,y '), depending on whether x < yo or x ^ yo, and 
in both cases f(p') = q' follows. This shows that a G (Dbs{j:'[-p')) (= Obs{L[f[^')) = Obs{j:[q'))). 

If y ^ yo and y' < yi, then we define p = (x,yo) and q = (x',yi) and we observe that f(p) B q, 
q B q', and f(p) = q. From f(p) B q and q B q', it follows that a G !Jleq-g[L[q)) and hence a G 
IRe^B(£(p)). Since 9 is a (fulfilling) compass structure, we know that there is a point p' such that 
p B p' and a G Obs(^L{p')) . Moreover, since p B p', we have f (p') = p', from which we obtain p B p' 
andoc€(Dbs{L{-p']). 

FULHLLMENT OF B-REQUESTS. The proof that 9' fulfills all B-requests of its atoms is symmetric with 
respect to the previous one. 

Fulfillment of A-requests. Consider apoint p = (x,y ) in 9' and some A-requesta G 3ie<7^ (-^ '(p)) 
associated with p in 9'- Since, by previous arguments, 9' fulfills all B-requests of its atoms, it is suffi- 
cient to prove that either a G Obs^L' [p')) or a G (£'(p')), where p' = (y,y + 1). This can be 
easily proved by distinguishing among the three cases y <yo — l,y =yo — 1, and y ^ yo. 

Fulfillment of L-requests. Consider a point p = (x,y) in 9' and some L-request (x£Jleq^[L'[Tp)) 
associated with it. Since, by construction, a G 3legj-(£(f(p))) and 9 is a (fulfilling) compass structure, 
we know that 9 contains a point q' = (x',y ') such that f(p) L q' and a G Obs[L[q')) . To simplify the 
proofs, we assume that q ' is minimal with respect to the vertical coordinate, that is, for every other point 
q" = (x",y"] with y " < y a Obs[L[q")). We prove that 9' contains a point p' such that p L p' 
and a G Obs(^L' [^']) by distinguishing among the following five cases (note that exactly one of such 
cases holds): 

2. X < yo and y ^ yo, 

3. x^yoandy'<yi, 

4. X ^ yo and y' =yi, 

5. x^yoandy' >yi. 
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If y < t)o» then, by construction, we have p = f(p) and q' = f(q')- Therefore, we simply define 
p' = q'in suchaway thatp = f(p] Lq'=p'and aG 0&s(£'(p')) (= Obs{L[fi-p'))) = Obs{L[q'))). 

If X < yo and y ^ yo then f(p) = (f(x),y + k). Now, consider the point p" = (f(x),yi]: since 
f(p)Bp" and S is a consistent compass structure, we have that 3?eg^(p") = 3?e^^(f(p)). By definition 
of f, we have that £(f (x),y i) = £(x,yo) and thus, since 9 is fulfilling, there exists a point p' = (x",y ") 
such that y " < x and a G Ofe(£(p')). Since f (p') = p', this shows that a G Obs(^L' {p')) as well. 

If X ^ yo and y' < yi then f(p) = (x + k,y +k). Since 9 is a consistent compass structure, we 
have that a G 3?e^^(£(yi — l,yi)). By the definition of compatible rows, we have that £(yi — l,yi) = 
L[yQ — l,yo) and thus (by the minimality assumption) y' < yo and q' = f(q')- Therefore, we simply 
define p' = q' in such a way that p L q' =p' and a G Ofe(£'(p')) (= Obs{L[f(-p'))) = Ofe(£(q'))). 

If X ^ yo andy ' =y 1 then£(q') ^ Shading g{yi). By the definition of compatible rows, we have that 
iihadingQ{yi) =§hadingQ[yo] and thus there must existsapoint q" = (x",yo) such that£(q') =L{q") 
and yo < y', against the hypothesis that q' is a minimal point satisfying a. Hence, this case cannot 
happen. 

If X ^ yo and y' > yi then, by the minimality assumption on q' we have that for every y" <y', 
a (Dbs[L[x" ,y")) for any x" <y". Hence, by the definition of witness set, we have that there exists a 
witness [xo(.,y(x] G 'VV/f(yi) such that a G Ofe(£(Xa,y a)) andy « = y ' (by the minimality assumption). 
IfXcc^yi then we define p' = (xoc—k,yot—k). Otherwise, x^ <yi and by the definition of the mapping 
function w and of the function f, we have that f(w(xcc)) = x^: we define p' = (w(xcc),y ' — k). In both 
cases we have that f(p') = (xo£^,ycc), pLp' and a G Ofts(£'(p')). 

Featured formulas. Recall that, by previous assumptions, cp G £(0, 1). Since our contraction 
procedure never changes the labelling of the initial point, (p G £ ' (0, 1 ) as well. □ 

On the grounds of the above result, we can provide a suitable upper bound for the length of a minimal 
finite interval structure that satisfies cp, if there exists any. This yields a straightforward, but inefficient, 
2NEXPTIME algorithm that decides whether a given ABBL-formula cp is satisfiable over finite interval 
structures. 

Theorem 6. An ABBL-formula cp is satisfied by some finite interval structure iff it is featured by some 
compass structure of length N ^ (8|(p| + 15)2'^''^'^^* . 232|(pl+56 double exponential in \(p\). 

Proof. Suppose that cp is satisfied by a finite interval structure S, and let £, = (p V (B)(pV (A)(p V 
(A)(A)(p. By Proposition |2j there is a compass structure 9 that features £, on the initial point and has 
finite length N. By Lemma |5] we can assume without loss of generality that all rows of 9 are pairwise 
incompatible. We recall from Section l2!2] that 9 contains at most 2^1^' distinct atoms. For every row y of 
the compass structure and every atom F G Ae^, let #(F,y) be the cardinality of the set {(x,y) : x < y and 
L{x,y) = F}. We associate to every row y of the structure a characteristic function Cy :A^i-^N defined 
as follows: 



Since any witness set Wit[y) contains at most 2\L,\ witnesses, it is easy to see that two rows yo and yi 
with the same characteristic function and such that £(yo — l,yo) = ■^(Ui ~ l>yi) are compatible. The 
number of possible characteristic functions is bounded by [2\L,\ + 1 )2**'^' ^ and thus 9 cannot have more than 



(2|£,| + . 2^l^l rows. Since = 4|(p| + 7 we can conclude that N ^ (8|(p| + 15)2''^''^^'' . 232|cp|+56^ 




(1) 



and thus double exponential in \<p\. 



□ 



D. Bresolin, P. Sala, & G. Sciavicco 



81 



3.2 A small-model theorem for infinite structures 

In general, compass structures that feature cp may be infinite. Here, we prove that, without loss of 
generality, we can restrict our attention to sufficiently "regular" infinite compass structures, which can 
be represented in double exponential space with respect to |(p|. To do that, we introduce the notion of 
compass structure generator, that is, of a finite compass structure featuring (p that can be extended to an 
infinite fulfilling one. 

Definition 7. We say that a Unite compass structure S = (Po'-^) of size N is partially fulfilling if for 

every point (x,y) G such that y < N — 1, for every relation R G {A,B,B,L}, and for every formula 

^\) G [L[p)), one of the following conditions hold: 

1. there exists a pointp' G such thatp R p' and^\) G Obs{L{p')) is fulfilledin p'), 

2. R = B and\\> e:Req^[L[x,N-l)), 

3. R = Aand^^>e3leq^{L{y,'N-l)), 

4. }i = land\\> e:Reqi[L[0,\]). 

Notice that all B-requests are fulfilled in a partially fulfilling compass structure and that B, A, and 
L requests are either fulfilled or "transferred to the border" of the compass structure. Moreover, any 
substructure S ' of a fulfilling compass structure S is partially fulfilling. 

Definition 8. Given a Unite compass structure S = (Po>'C) and a row y, a future witness set for y 
is any minimal set 3^utWit{y) C {x : x < y} such that for every F G Shading ^ [y) there exists a witness 
xp G 3'utWit[y) that respects the following properties: 

1. £{xF,y) =F, 

2. for every G 3ieq^[¥) there exists a point (xf,^ ') G S withy' > y and\|j G Obs[L[xf:,y)). 

Since HutWitiy) is minimal, we have that for every F G Shading {y) there is exactly one witness Xp in 
S^utWitiy). Hence, \3-utWit[y))\ ^ I^I'pI. 

Definition 9. Given a Unite compass structure 9 = (Po.^C) and a rowy, a past witness set for y is 
any minimal set TastWit{y) C Pq such that for every request G 3leqi^{(Dbs{L{y — l,y)) there exists 
awitness (xTj,,'y^p) such thafi]) e (Dbs[L[x^,y^)) andy^ <y — 1. 

Again, by the minimality of "PastWitiy) we have that there is at most one distinct point for every L- 
formulain£(y-l,-y) and thus \'?astWitiy)\ ^ \J{eqi^{y - l,y)\ ^ |e/((p)K 2 • |(p|. 

We concentrate our attention on infinite structures that are unbounded both on the future and on the 

past (i.e., based on the set of integers Z). The case when the structure is unbounded only in one direction 
(e.g., the naturals N or the set of negative integers Z^) can be tackled in a similar way by appropriately 
adapting the following notions and theorems. 

Definition 10. Given an ABBL formula cp and a finite, partially fulfilling compass structure S = 
(Po,'^ ) of size N, we say that S is a compass generator for cp if there exists four rows y^), yo. yi. and 
y2 which satisfy the following properties: 

Gl yo<yi <y2andyo^y<p, 

G2 (p G £(y<p - 1, yep) or (B)(p G £(ycp - l,y<p), 

G3 Shadingiyi) C Shading{yo) and£(yo — l,yo) = 'C(yi — l,yi], 

G4 there exists apast witness set 7astWit[yi) such thatyo ^ min(7tyj {'J'astWit{yi))), 
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G5 §hading{N-l] C §,hading[y2] and £(y2 - l.yi) = ^(N - 2,N - 1), 
G6 there exists a future witness set 3^utWit(y2] for ij2- 

The next theorem shows that the information contained in a compass generator for cp is sufficient to 
build an infinite fulfilling compass structure featuring (p. 

Theorem 11. An ABBL formula cp is satisHable over the integers Z if and only if there exists a 
compass generator S = (Po^-^) for (p. 

Proof. (=^) Let cp an ABBL formula that is satisfiable over an infinite fulfilling compass structure S = 
Since S features cp we have that there exists a point (x,y) with cp € £(x,y) and thus the row 
y cp = X + 1 respects condition G2. 

Now, let Jn/(9) be the set of shadings that occurs infinitely often in S- We define yi as the greatest 
row such that for every y' ^ yi, Shading [y') G Jnf[S), and y2 as the smallest row such that for every 
y' ^ V2, Shadingiy') G J«/(9)- Clearly, since 9 is unbounded in the past, we can find two rows yrain 
and yo such that yrain < yo. and a corresponding portion of the grid IPy,,^^^ = {(x,y ) : x ^ ymiTi} such 
that (i) yo ^ y^>, (ii) yo < yi, (Hi) §hading{yi] C Shadingiya) in Py^^^, (iv) £(yo- l,yo) = 'C(yi - 
l,y i), and (v) there exists a past witness set TastWitiyi) for y i such that yo ^ min(7tyj [TastWitiyi)]) 
in Fy . Hence, conditions G3 and G4 are respected. 

Symmetrically, since 9 is unbounded in the future, we can find a row y max > U 2 and a corresponding 
portion of the grid P^j;;;;'^ ={(x,y) : x ^ ymin Ay ^ ymax} such that 

1. Shadingiy frvax.) Shadingiy 2], 

2. £(y2-l,y2) =£(ymQx- 1, ymax), and 

3. there exists a future witness set 3^utWit[y2] for y2 in Py^J^"^- 

This shows that conditions G5 and G6 are respected as well. Since yo ^ y tp and yo < y 1 < y2 condition 
Gl is also respected. Since the restriction of 9 to the finite grid PyJJ^°^ is a partially fulfilling compass 
structure, we have found the required compass generator for cp. 

(-4=) Let 9 = (Po,-^) be a compass generator of size N for cp and let yo < yi < y2 and yep be the 
four rows that satisfy properties G1-G6 of Definition [TO] We will define an infinite sequence of partially 
fulfilling compass structures 9o C 9i C 92 C . . . such that the infinite union 9^ = UiS Si is an infinite 
fulfilling compass structure that features cp. We start from the initial compass structure 9o = (P",'C°) 
where P° ={(x,y) € Po : x ^ yo — 1 Ayo ^y < N}and £"(x,y) =£(x,y) for every point (x,y) G Pq,, 
and we will show how to iteratively build the infinite sequence of compass structures. For every step i of 
the procedure, let 9i = (P^,£^) be the current structure, and let y^^^ and ymax be the minimum and 
maximum vertical coordinate in P^, respectively. We guarantee that the following invariant is respected: 

(INV) Shading Q.iy]^^ J C Shading ^iy 2), 

Shadingg.iy]^^^ + yi-yo] CShadinggiyo), 

^Hyiaax - i-ymax) = ^(y2 " i,y2), and ^My^in - i.ymin) = ^(yo " i,yo)- 

The invariant trivially holds for 9o- Now, suppose that 9i respects (INV) and let kpast = yi — yo and 
kfi^txire = N — y2- Figure [3] depicts how 9i+i = (P^^^^^^M can be built from 9i- Formally, the 
procedure is defined as follows. 

a) y|^^^ =y^;^,^- kpast, yi^<lx=y max + Wnre, and P^+i ={(x,y) GPz : x^y^+^-lA 

yUin <ymdx}- 

b) for every point p G P^+^ nP\ let £^+Hp) = ^Mp)- 
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Figure 3: A compass generator (left) and a portion of the generated infinite compass structure (right). 

c) for every point (x,y) G P^+i such that y ^ y^.^, let £^+Hx,y) = ^Hx + kpast.y +kpast) 
(red area in Fig.©. 

d) for every point [x,y] G P^+^ such that x ^ yl^ax' 'C^^U^.y) = ■^^(^ — l^future>y — 
l^fitture) (blue area in Fig. [3]). 

e) By construction, for every point (x,y^|^) with x < y^i^^ — 1 we have that £^+'(x,y^|^) = 
L^[x + 'kp_ast,v]nin + '^past)- Sincc Si rcspccts the invariant, ^Mx + kpast.yl^^tT^ + kpQst) = 
£^+Hx,y^i^) G Shading ^[yo). Let (x,yo) be a point on the row yo with the same labelling 
of (x,y^^^): we define the labelling of all points {x,y]^^_^ + j) , with 1 ^ j ^ kpast, as 
L'-+^[x,y]^^^+j) = L[x,yo+j). Now, since £(x,yo + kpast) e Shadinggiyi) (yi =yo+kpQst) 
and Shading g (y i) C Shading g (yo) (G3), we can find a point (x,yo) on the row yo with the same 
labelling of £^+nx,y^^^ +kpQst) and define the labelling of every point (x,y]:^.^ + kpasf j) 
for every 1 < j ^ 1+ 1. At the end of this procedure we have labelled all points (x,y) such that 

f) For every point (x,y i), by construction, we have that (x,y i) G Shading g (y i ). Let (x,y i) be 
a point such that £^+^(x,yi) = £(x,yi). As in the previous case, we define the labelling of all 
points (x,y), with yi < y ^ y2 as £^+^(x,y) = £(x,y). At the end of this step we labelled all 
points (x,y) such that y ^ y2. 

g) Now, by construction, for every point (x,y2) we have that £^+^(x,y2) G Shading g[y2]. By con- 
dition G6 of Definition [TOl there exists a point x G 3^utWit[y2] such that £^+^(x,y2) = £(x,y2]. 
We define (x,y2 + j] = £(x,y2 + j) for every 1 ^ j ^ kfu.ture- Since y2 + kfu.tuTe = N — 1 
and Shading [N — I) C. Shading [y 2) we have that £^+^(x, N — 1) Shading [y 2] (G5) and thus we 
can repeat this procedure iteratively until we have labelled all points (x,y) such that y ^ y^rTax 
andx<y^.^-l. 

h) To conclude the procedure, we must define the labelling of points (x,y ) such that x ^ U^TLin ~ 1 
and y ^ y^aax- Note that for every point [x,y]^^^) with x ^ Vmin — 1 we have, by the invariant, 
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that Shading c^i{y\^^^] C Shading g (ij2)- Then there exists a point x € 3'utWit[y2) such that 
'^'■^Ux-ymax) =^(^'"92)- V^edeMe L'-+\x,y]^^^+j) = L[x,y2+]) for every 1 ^ j ^kf^ture- 

It is easy to see that St is a partially fulfilhng compass structure that respects the invariant. Moreover, 
suppose that for some point p = (x, y ) G and relation R € {A, B , B , L} there exists a G Jleq^ (p ) that is 
not fulfilled in Si. We show that Si+i fulfills the R-request a for p. 

• If R = A, since 9^ is partial fulfilling and it is finite we have that the point p' = (y,!)}:^^^] is such 
that a G 3?egg(£(p'))- By step h) of the procedure, and by the definition of future witness set, 
Si+i contains a point p" = (y,y^ax + j) such that a G (p")- 

• If R = B, by Definition |7] we have all the B -requests in a partial fulfilling compass structure are 
fulfilled and thus this case connot be given. 

• If R = B the case is analogous to the case of R = A. 

• If R = L, since S^ is partial fulfilling and it is finite we have that a G Jleq^[L[y]^^^ — l,y^|^]). 
By point c) of the construction we have that L ^ (y ]^.^ - 1 ,y]^^^ )=£(yo-l,yoi=£(yi-l,yi)- 
Hence, by condition G4 of Definition [TO] and by the definition of past witness set, there exists a 
point (x,y) with yo ^ x < y ^ yi such that a G £(x,y). By construction we have that £(x,y) = 
£^+1 (x — (i+ 1) • lCpQst,y — 1) • kpast) and thus and thus the L-request a for the point p is 
fulfilled at step 1+ 1 by the point (x— (i+ 1) • kpast.y — 1) ■ kpast)- 

Hence, we can conclude that the infinite compass structure S'^ is fulfilling. By condition G2 of 
Definition [To] we have that 9^ features (p and thus that cp is satisfiable over the integers. □ 



TheoremfTT] shows that satisfiability of a formula over infinite models can be reduced to the existence 
of a finite compass generator for it. However, it does not give any bound on the size of it. In the following 
we will show how the techniques exploited in Section 13.11 for finite models can be adapted to obtain a 
doubly exponential bound on the size of compass generators. 

Definition 12. Given a compass generator 9 = (IPo>'^). say that two rows y < y' are globally 
compatible if and only if the following properties holds: 

1. £(y — l,y) = £(y' — l,y') and Shading g[y) = Shading ^[y'), 

2. for every y G {y cp , y o, y i , y 2} Jt not the case that y ^ y ^ y 

3. there exists a past witness set "PastWitiy 1 ) such that for every point (x, y ) G "PastWitiy 1 ) it is not 
the case that y ^ y ^ y 

4. there exists a future witness set 3'utWit(y2] such that for every point x G 3^utWit[y2] and every 
B-request a G 0leq^[L[x,y2] there is a point (x,y) such thaty2 < y, a G Obs[L[x,y2]] and it is 
not the case that y ^ y ^ y 

5. there exists a witness set Witiy') fory' and an injective mapping function w : Uy/iWitiy') U 
'J'astWit[yi) U 3'utWit{y2)) {x : x < y}, such that £(x,y') = £(w(x),y), for every 
X G ny>{Wit[y')U'PastWit[yi)U3'utWit[y2]), andw[x) =x, foreveryxe Tty'i'J'astWitiyi). 

Clearly, two globally compatible rows are compatible. The additional conditions of the definition 
guarantees that the contraction procedure do not remove "meaningful" parts of the compass generator, 
like the rows yep, yo, yi, and y2 (condition 2) or future and past witnesses (conditions 3 and 4). 
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Lemma 13. Let S be a compass generator for cp of size N. If there exist two global-compatible rows 
< y < y ' < N in S, then there exists a compass generator 9' of size N ' = N — y +y ' that features cp. 

Proof. We can define a function f : {0, ...,y} — > {0, ...,y'} and contract S to a smaller compass structure 
S' in the very same way of Lemma [S] It can be easily proved that the obtained S' is a partial fulfilling 
compass sti^ucture. Let k = y ' — y and lety(p = y<p ify<p <y>y^p = ycp~l<- otherwise. To prove that 
S ' is a compass generator, let us consider the following four cases. 

- If y ' < yo, then we have that y( = y^ — k for i G {0, 1,2, cp} satisfy conditions G1-G6 in S'. 

- Ifyo<y<y'<yi, then for every point (x,y) € "PastWitiyi] we have that either f (x,y) = (x,y) 
(when y < y) or f(x,y — k) = (w(x),y — k) = (x,y) (when y > y')> and thus TastWitiyi) is a 
past witness set for 9 ' as well. From this we can conclude that y ^ , y o, y i — k, and y 2 — k satisfy 
conditions G1-G6 in S'. 

- If yo < yi < y < y ' < yi, then it is easy to prove that y (p,yo,y 1 and y2 — k satisfy G1-G6 in S'- 

- If yo < yi < y2 < y < y then it is easy to observe that y^,yo,yi and y2 satisfy G1-G6 in S'- 
Hence, in all possible cases S' is a compass generator for cp. □ 

Theorem 14. An ABBL-formula cp is satisfied by some infinite interval structure iff it is featured by 
some compass generator of length N ^ (2|(pt + 1)^^ • 2^^''*'' +*^I*pI (i.e., double exponential in \(p\). 

Proof. Suppose that cp is satisfied by a infinite interval structure S. By Theorem [TTl there is a compass 
generator S that features cp. By Lemma[T3l we can assume without loss of generality that all rows of S 
are pairwise global-incompatible. Let Cy the characteristic function defined in the proof of Theorem [6l 
Now, let xi < . . . < xi< be the ordered sequence of the points in "PastWitiy 1 ) . We associate to every row 
y a finite word Wy of length |Wy | ^ k ^ 2 ■ |(p| on the alphabet (l^lcp | = 2^1'pI) such that for every 
xt G TastWitiyi), W(i) = £(xi,y). It is easy to prove that two rows y < y ' in O with Cy (F) = Cy 
Wy = Wy / and such that £(y' — l,y') = £(y — l,y) are global-compatible. 

Since the number of possible characteristic functions is bounded by (2|(p| + 1)^**'*' , and the number of 
possible words is bounded by [2^\v\)^-\v\ = 2^^1'pI', g cannot have more than (2|(p| + 1)2'""' .216I<pI'+8I'pI 
rows, and thus N is at most doubly exponential in |(p|. □ 

4 Complexity bounds to the satisfiability problem for ABBL 

In this section, we discuss the complexity of the satisfiability problem for ABBL interpreted over strongly 
discrete interval temporal structures. An EXPSPACE lower bound on the complexity follows from the 
reduction of the exponential-corridor tiling problem (which is known to be EXPSPACE-complete lITOl ) 
to the satisfiability problem for the fragment ABB given in fSl. 

To give an upper bound to the complexity we claim that the existence of a compass structure (or 
compass generator) S that features a given formula cp can be decided by verifying suitable local (and 
stronger) consistency conditions over all pairs of contiguous rows, in a way similar to the EXPSPACE 
algorithm given in [8| for ABB. In this way, to check those local conditions it is sufficient to store only 
( i) a counter y with the number of the current row, ( ii) two guessed shadings S and S ' associated with 
the rows y and y + 1, and (Hi) the characteristic functions of the shadings of y and y + 1. Since all this 
information needs only an exponential amount of space, the complexity of the satisfiability problem for 
ABBL is in EXPSPACE. The procedure for the infinite case is depicted in Figure H] For the sake of 
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brevity, given a shading S we denote with Fg the unique element of S such that Jleq^ (F^ ) = 0. Note that 
for every row y with shading S, the type of the unit interval [y — is exactly F^ , while the type F of all 
other intervals in the row must contain the formula (B)T, and thus it cannot be the case that Jleq^ (F] = 0. 
Given a function Cs : S — > {0,...,S\(p\ + 14} such that CslF^) ^ 1, we denote with S (extended shading) 
the pair (S,Cs); thus, in the code we use S to denote a shading, and S to denote an extended-shading. 
Moreover we have to introduce the following stronger version of the relation : 

(Jieq^iy) = Ofe(G) U3?e<7B(G) 
Jleq^iG) = Obs[¥] U Jleq^iV) 
Oieq^i?) =:}leq^[G). 

Finally, given two extended shadings S = (S,Cs) and S' = (S',Cs')» we say that S' is a successor of 
S, and we write S i — y S if the following conditions hold: 

• for every F € S' with Jleq^ (F) ^ there exists G G S with Fi-5-^ G; 

• there exists a set R C S' x S x {1, 8|(p| + 14} such that for every (F, G,n) G R, Fi-5-^ G, for every 
FeS'wehave 21 n = Cs '(F), and for every G € S we have Y. tl = Cs(G). 

(F,G,n)eR (F,G,Ti,)eR 

The second condition ensures that all the witnesses of the lower shading S are correctly transferred in the 
upper shading S' according to the functions Cs and Cs'- It is easy to see that, given two rows y and y + 1 
with shadings S and S', the two extended shadings S = (S,Cy ) and S' = (S',Cy+i), (where Cy and Cy+i 
are the characteristic functions of y and y + 1, respectively) are such that S i — yS'. 

The main procedure basically guesses two extended shadings Spast and Sfuture which represent the 
rows yo and y2 of a compass generator, and then it checks whether a compass generator featuring them 
exists. The procedure checkPast ensures that we can construct the portion of the compass structure 
between yo and y i (see Figure[3l). The procedure starts from yo and construct this portion incrementally 
row by row until it reaches row y i . The procedure exits successfully when it reaches, without exceeding 
the given number of steps, a row labelled with the extended shading Spast and such that all formulas 
G Jleq^iV^ ^ ^) are "witnessed" by points with the first coordinate greater than the starting row (i.e., 
points belongmg to the red triangle in Figure O to guarantee that there exists a past witness set for 
yi that respects condition G3 of Definition [TOl This condition is verified by means of the set Slower 
which keeps track of such points. The procedure checkFmite simply checks if the extended shading 
Sfutiire is "reachable" from the extended shading Spast, and thus it represents the construction of 
the finite part of a compass generator (the portion between yi and y2 in Figure O. Finally the the 
procedure checkFuture ensures that we can construct the portion between y2 and N — 1 of a compass 
generator. This last procedure is similar to the procedure checkPast, and it checks whether there exists 
a portion of a compass structure where both the lowest and the biggest rows are labelled with Sfu^txtre- 
To guarantee that a future witness set for y2 exists (condition G6 of Definition [TOl). we require that for 
every F G Sfuture and for every t|; G Jleq^[¥), it is the case that ^\) is fulfilled by some successor of 
Sfuture- This condition is ensured by means of the set REQp, which keeps track of the formulas in 
Jieq^{f) that still need to be satisfied. It is worth to notice that all the counters, the extended shadings, 
and the shadings using in these procedures can be represented using exponential space with respect to 
the length of the input formula. Summing up, we obtain the following tight complexity result. 

Theorem 15. The satisfiability problem for ABBL interpreted over strongly complete linear orders is 
EXPSPACE-complete. 
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let 4> be an input formula 








let cp be (4) A [B]±) V ((B>4)) V ((B)(A)4)) 








letM = (2|cp| + l)2"''' .iieivl'+sivl 




prOC CHECKFlNITE(Spast,Sfuture) 


main 






S i Spast» 




Fo <— any atom F with Oleq^ifo) = and cp € S; 






while t ^ M 




Spast <— any extended shading S with Fq € S; 








S ' <— any shading with S i — >^ S '; 




Sfuture any extended shading S; 








if (S' = Sfuture) 


< 


if (checkPast(Spast,Fo) A cHeckFinite (Spast. Sfuture )A 

c he clcFut-ure (Sfuture ) ) 
then return true 






then return true 

S ^ V; 
i 4- t+ 1; 




else return false 






return false 



prOC CHECKPAST (Spast, Fo) 
'Slower {Fo} 

i-s-0; 

S 4 Spasti 

while i ^ M 

rREQ4-REQ\ U Ofev(F); 

FeSvoivcT _ 

S ' -i— any extended shading with S i — y S '; 
< if (S^ = Spast AREQ = 0) 
then return true 
/ let f : Siovver ^> S ' be an injective function 
s.t. f(F) k!^.F for all F e Slower; 

Slower ^5"fg(f)U{Fg,}; 
Slower ^lower' 

S ^ S'; 
U-«-t+i; 
return false 



prOC CHECKFUTURE ( S future ) 
for all F e Sfuture 
fREQF^Dle^B(F); 
1^ Fabove ^ F, 
S 4 Sfuture , 

while i ^ M 

f S ' <— any shading with S i — s- S '; 

for all F e Sfuture 

\ [''above ^ any atom F £ S ' s.t. F h-?-,. Fabove 

\ Fabove ^ ^ above' 
I _[REQF^REQF\Ofo(Fabove); 

S -e- S';_ 

if (S = Sfuture AVE e Sfuture (1?EQP = 0) ) 
then return true 

return false 



Figure 4: the procedure for checking the satisfiabiUty of cj) over the integers. 



5 Conclusions 

We considered an interval temporal logic (ABBL) with four modalities, corresponding, respectively, to 
Allen's interval relations after, begins, begun-by, and before, and interpreted in the class of all strongly 
discrete linearly ordered sets, which includes, among others, all frames built over N, Z, and finite orders. 
We showed that this logic is decidable in EXPSPACE, and complete for this class. The importance of 
this result relies on the fact that, for the considered interpretations, this logic is maximal with respect to 
decidabiUty. Moreover, these results represent a non-trivial contribution towards the complete classifica- 
tion of all fragments of Halpern and Shoham's modal logic of intervals. We plan to complete the study of 
this particular language when it is interpreted over other classes of orders, such as the class of all dense 
linearly ordered sets, or the class of all linear orders, and to refine these results to include point-intervals, 
too. 
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